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We propose a quantum experiment to measure with high precision the Schwarzschild space-time
parameters of the Earth. The scheme can also be applied to measure distances by taking into account
the curvature of the Earth’s space-time. As a wave-packet of (entangled) light is sent from the Earth
to a satellite it is red-shifted and deformed due to the curvature of space-time. Measurements after
the propagation enable the estimation of the space-time parameters. We compare our results with
the state of the art, which involves classical measurement methods, and discuss what developments
are required in space-based quantum experiments to improve on the current measurement of the
Schwarzschild radius of the Earth.
I. INTRODUCTION
Quantum metrology uses nonclassical properties of the
probes to estimate physical parameters with precisions
higher than those attainable by classical methods, for
equivalent resources. These techniques have been pro-
posed to measure time, field strengths, and other pa-
rameters of interest [1, 2]. The field began with the
proposal of detecting gravitation waves with enhanced
precision [3], and in recent years, there has been a grow-
ing interest in applying quantum metrology techniques to
estimate gravitational fields and accelerations [4]. Mea-
surement of physical quantities that play an important
role in relativity are also of great relevance lie in practi-
cal applications. For example, a more precise knowledge
of the Earth’s space-time parameters has the potential
of enhancing the performance of the Global Positioning
System (GPS) since it requires relativistic corrections to
determine time and position accurately. Interestingly,
almost all of these schemes employ non-relativistic quan-
tum mechanics which is known to be incompatible with
relativity.
A solution to this problem is to work within quantum
field theory, which describes the behavior of quantum
fields in space-time. It is a semiclassical theory in the
sense that matter and radiation are quantized while the
space-time is classical [5]. This theoretical framework
enables one to incorporate relativistic effects at the low
energy regimes that are being reached by cutting-edge
quantum experiments. Recently, methods for the appli-
cation of quantum metrology to quantum field theory
have been introduced in [6, 7]. Interestingly, relativis-
tic effects such as particle creation, can be exploited to
measure accelerations with an optimal measurement pre-
cision that is higher than the non-relativistic counterpart
[7].
Quantum technologies have made great progress in the
past years and many implementations are reaching rel-
ativistic regimes. There are advanced plans to imple-
ment quantum communication protocols using satellites
[8, 9] and to place quantum clocks in space [10]. How-
ever, the effects of gravity and motion on quantum prop-
erties and their applications have largely been ignored
[11, 12]. Relativistic quantum metrology and relativistic
quantum information theory aim at developing quantum
technologies taking into account relevant space-time ef-
fects. Within this theory, it has been shown that space-
time can affect the implementation of quantum cryptog-
raphy in satellite-based setups [13]. Furthermore, ex-
periments involving Bose-Einstein Condensates (BECs)
in space, have recently been proposed to test the effects
of gravity on entanglement [14]. Relativistic quantum
metrology has also been used in proposals to measure
the Unruh temperature at accelerations within reach of
current experiments [15], to measure space-time param-
eters within algebraic quantum field theories [16] and to
detect gravitational waves using BECs [17].
In this paper, we apply relativistic quantum metrol-
ogy [6, 7] to estimate the Schwarzschild space-time pa-
rameters of the Earth and we propose an implementation
using realisable space-based experiments. An entangled
light wave-packet is sent from Earth to a satellite (or
equivalently in the opposite direction). During its prop-
agation, the wave-packet is red-shifted (blue-shifted in
case of propagation in the opposite direction) and de-
formed due to the curvature of space-time. Measure-
ments after the propagation enable the estimation of the
2space-time parameters. Currently, the measurement of
the Schwarzschild radius has a relative error of 2× 10−9
[18]. The measurement method involved is classical in
the sense that quantum estimation techniques are not
involved. We discuss what developments must take place
in space-based quantum experiments in order to improve
by an order of magnitude such classical measurements.
This work is organised as follows: in Sec. II we
will model the space-time of the Earth using the
Schwarzschild metric for a spherical non-rotating mass
and present the quantum field theory of a massless un-
charged bosonic field describing the curvature effects on
wave-packets that propagate from Earth to a satellite lo-
cated at a fixed height. In Sec. III we will introduce rel-
ativistic quantum metrology techniques to estimate with
high precision parameters that appear in relativistic se-
tups. In Sec. IV we show how to apply these techniques,
using single and two-mode quantum channels, to esti-
mate lengths and the Schwarzschild radius of the Earth.
In Sec. V we compare our estimation method with the
state of the art and comment on the use of multiple pa-
rameter estimation tools in this work. Finally, we present
concluding remarks in Sec. VI.
II. LIGHT WAVE-PACKETS PROPAGATING
ON EARTH’S SPACE-TIME
In this section we will present an approximate model
for Earth’s space-time and describe how wave packets
of the electromagnetic field propagate in it (these tech-
niques were introduced in [13]). Earth’s space-time can
be modeled by (3 + 1)-dimensional Schwarzschild met-
ric which approximately describes the space-time outside
a spherical non-rotating body [19, 20]. We are particu-
larly interested in the propagation of wave-packets from a
source on Earth to a receiver satellite (or in the opposite
direction) situated at a fixed distance from the source.
Assuming that Earth’s angular momentum is negligible
and considering that sources are small compared to the
characteristic frequencies involved, we can consider only
radial propagation. In this case, we can restrict our anal-
ysis to 1 + 1-dimensions for which simple and analytical
solutions of the Klein-Gordon equation are available. We
employ Schwarzschild coordinates xµ = (t, r), where r
is the proper distance from the singularity and t is the
Schwarzschild proper time. This is assuming that the
observers are at spatial infinity [19, 20]. Important pa-
rameters in the analysis are Earth’s mass M and radius
rE . The Schwarzschild metric gµν in the vacuum out-
side Earth is given by gµν = diag(−f(r), 1/f(r)), where
f(r) := 1− rs
r
, rS :=
2GM
c2
is Earth’s Schwarzschild radius
and G is the gravitational constant. The line element is
given by ds2 := gµνdx
µdxν = −f(r)dt2 + 1/f(r)dx2.
We are interested in describing the space-time at rE ≤
r. Note that the Earth’s radius is much larger than its
Schwarzschild radius rS/rE ∼ 1.4 × 10−9. Free falling
observers follow geodesics towards the centre of Earth.
Satellites commonly employed for communication and
GPS usually follow circular orbits of constant radius.
These correspond to geodesics in the 3+1 Schwarzschild
metric for which acceleration is not required but require
the observers to have angular momentum. In our anal-
ysis, we assume that observers Alice and Bob accelerate
against the gravitational potential in order to remain at
a constant distance from the Earth, i.e. at r = rA and
r = rB , respectively. A more detailed analysis of the
effects of circular motion can be found in [13].
An observer at constant distance r = r0 must employ
her own clock to measure time in her rest frame. The
relationship between the proper time τ := 1
c
∫
ds of an
observer at r0 and the Schwarzschild time t corresponding
to the proper time of an observer at infinity is given by
τ =
√
f(r0) t. (1)
Now we describe the propagation of light from Earth to
a satellite taking into curvature effects.
We consider an uncharged bosonic massless scalar field
Φ(t, x) which is a good approximation to the longitudinal
(or transverse) modes of the electromagnetic field [21,
22]. The field Φ obeys the Klein-Gordon field equation
Φ = 0, where the d’Alambertian in curved space-time is
given by  := 1√−g∂µ
√−g∂µ and g := det(gµν) [5]. The
solutions to the equation are known as modes. Optical
pulses propagating in the space-time can be modeled by
wave-packets corresponding to an infinite superposition
of mode solutions [21].
We solve the Klein-Gordon equation Φ = 0 in
the 1 + 1-dimensional Schwarzschild space-time using
Eddington-Finkelstein advanced and retarded coordi-
nates u, v defined by u := c t − rS and v := c t + rS ,
where the tortoise coordinate rS is defined as rS :=
r + rS ln | rrS − 1|, see [19, 20]. In these coordinates the
Klein Gordon equation takes the form ∂u∂vΦ(u, v) =
0 and the solutions are given by modes of the form
φ
(u)
ω (u) =
eiωu
2
√
πω
and φ
(v)
ω (v) =
eiωv
2
√
πω
, which repre-
sent outgoing and ingoing waves that follow geodesics
u =const and v =const, respectively. The frequency
ω > 0 is the frequency as measured by an observer in-
finitely far from Earth with respect to his proper time t.
These modes are normalized through the inner product
as (φ
(u)
ω , φ
(u)
ω′ ) = (φ
(v)
ω , φ
(v)
ω′ ) = δ(ω − ω′), while mixed in-
ner products vanish [5]. The solutions are eigenfunctions
of the time-like Killing vector i∂t and therefore satisfy
the eigenvalue equation i∂tφ
(u)
ω = ωφ
(u)
ω and analogously
for the v-modes. Therefore, the time-like vector field i∂t
enables one to distinguish between positive φ
(v)
ω and neg-
ative φ
(v)∗
ω modes in a standard way. By associating cre-
ation/annihilation operators to positive/negative modes
we expand the quantized field operator Φ as
Φ =
∫ +∞
0
dω
[
φ(u)ω aω + φ
(v)
ω bω + h.c.
]
. (2)
The bosonic annihilation operators obey commutation
relations [aω, a
†
ω′ ] = [bω, b
†
ω′ ] = δ(ω − ω′), where mixed
3commutators vanish. The vacuum state |0〉 of the field is
defined by the action of annihilation operators aω, bω as
aω|0〉 = bω|0〉 = 0.
Realistic photon sources do not produce monochro-
matic photons. A photon can be modeled by a wave
packet: a distribution F (ω) ∈ C of modes peaked around
a frequency ω0 [21, 23]. The annihilation operator for the
photon for an observer infinitely far from Earth, takes the
form
aω0(t) =
∫ +∞
0
dω e−iωtFω0(ω) aω. (3)
The photon’s creation and annihilation operators
a†ω0 , aω0 satisfy the canonical equal time bosonic com-
mutation relations [aω0(t), a
†
ω0
(t)] = 1 if the frequency
distribution F (ω) is normalized, i.e.
∫
ω>0 dω|F (ω)|2 = 1.
This distribution naturally models a photon which is a
wave packet of the electromagnetic field that propagates
and is localized in space and time [24].
We consider that Alice, an observer on the surface of
the Earth (i.e. rA = rE), sends a pulse to Bob who is
on a satellite at constant radius r = rB > rE . Alice and
Bob measure frequencies in their laboratories with respect
to their clocks, i.e., with respect to their proper times
τA and τB . By employing the definition of proper time
(1) its easy to show that the eigenvalue equation for the
modes takes the form i∂τKφ
(u)
ΩK
= ΩKφ
(u)
ΩK
, where K =
A,B labels Alice or Bob and analogous formulas hold for
φ(v). This equation defines the physical frequency ΩK
measured by an observer at rK as ΩK =
ω√
f(rK)
. Using
the fact that ωt is observer independent, one shows that
if Alice prepares a sharp frequency mode ΩA, Bob will
receive a mode with frequency
ΩB =
√
f(rA)
f(rB)
ΩA, (4)
This is the well-known gravitational redshift formula [19].
The equation implies that τB =
√
f(rB)
f(rA)
τA. We are in-
terested in finding how a wave-packet is transformed by
its propagation from Alice to Bob on the Schwarzschild
background. The wave packets are given by
aΩK,0(τK) =
∫ +∞
0
dΩK e
−iΩKτKF (K)ΩK,0(ΩK) aΩK , (5)
where K = A,B labels either Alice or Bob, ΩK are the
physical frequencies as measured in their labs using the
proper times τK and ΩK,0 are the peak frequencies of
the frequency distributions F
(K)
ΩK,0
. We require that oper-
ators aΩK satisfy the canonical commutation relations
[aΩK , a
†
Ω′
K
] = δ(ΩK − Ω′K). A wave packet F (A)ΩA,0 is
prepared by Alice at time τA. The wave-packet prop-
agates radially and is received by Rob at a later time
τB >
√
f(rB)/f(rA)τA. The wave packet received is
modified due to curvature effects and is now given by
F
(B)
ΩB,0
. It is important to notice that Alice’s and Bob’s
operators (5) can be used to describe the same optical
mode in two different frames before and after propaga-
tion.
The relation between aΩA and aΩB was found in [13],
and can be used to find the relation between the fre-
quency distributions F
(K)
ΩK,0
in different reference frames
(or before and after propagation) [13],
F
(B)
ΩB,0
(ΩB) =
4
√
f(rB)
f(rA)
F
(A)
ΩA,0
(√
f(rB)
f(rA)
ΩB
)
. (6)
We can see that the wave packet received by Bob has a
different peak frequency and a different shape than the
wave packet prepared by Alice. In particular, for the sce-
nario of interest where Bob finds himself at higher alti-
tudes than Alice (rB > rA), the wave-packet frequencies
ΩB measured by Bob will all be redshifted with respect
to those created by Alice (see (4)).
We assume that Alice prepares a single photon in the
mode F
(A)
ΩA,0
at time time τA = 0. The initial state is
given by |ψs.p.〉 = a†ΩA,0(0)|0〉. Bob will receive the state
|ψs.p.〉 = a†ΩB,0(0)|0〉, which is characterised by the distri-
bution F
(B)
ΩB,0
(ΩB). Regardless of the specific model of the
detector that Bob uses, if Bob uses a measuring device
which is tuned to click when a photon in the wave packet
F
(A)
ΩA,0
is received, the probability of the detector to click
will be affected by the fact that he received a photon in
the wave-packet F
(B)
ΩB,0
[13]. Bob will conclude that the
channel between him and Alice (i.e., the space-time) is
noisy. The quality of the channel can be quantified by
employing the fidelity F defined as
F := Tr2
[√√
ρρ′
√
ρ
]
, (7)
for arbitrary input states ρ, ρ′. In case the input states
are pure, for example ρ = |ψ〉〈ψ| and ρ′ = |ψ′〉〈ψ′|, the
fidelity (7) reduces to F = |〈ψ|ψ′〉|2 and the intensity
fidelity gives the probability that the state was ρ given
that ρ′ is obtained in a measurement. The fidelity Fs.p. of
the channel in the case that Alice sends a single photon
in a pure state is given by the overlap between the two
distributions,
Fs.p. = |Θ|2 , (8)
where
Θ :=
∫ +∞
0
dΩB F
(B)⋆
ΩB,0
(ΩB)F
(A)
ΩA,0
(ΩB). (9)
Clearly Θ = 1 for a perfect channel. If the curvature is
strong enough, the distributions in (9) might have negli-
gible overlap and the fidelity would be low. In the case
of Earth-to-LEO communication, the fidelity is at least
75%, see [8].
4The deformation of the wave packet due to the Earth’s
space-time curvature cannot be corrected by a linear shift
of frequencies. While in [13] it was shown that the ef-
fects can have an impact on quantum communications in
space, the main aim of this work is to take advantage of
these effects to measure space-time parameters of inter-
est, such as the Schwarzschild radius (mass of the Earth).
If Bob is aware that Alice is sending a wave packet F
(A)
ΩA,0
,
Bob can perform carefully selected measurements on his
wave packet F
(B)
ΩB,0
and can estimate chosen parameters
with great precision.
It is always possible to decompose the mode b¯′ received
by Bob in terms of the mode b′ prepared by Alice and an
orthogonal mode c′ (i.e. [a′, c′†] = 0) [25].
b¯′ =
√
1− q b′ +√q c′, (10)
where q ≤ 1. The parameter q is directly related to the
fidelity of single photon transmission as defined in (9) by,
Θ = 〈0
∣∣b¯′b′†∣∣0〉 =√1− q,
or equivalently q = 1−Θ2.
Lets assume that Alice and Bob employ real normal-
ized Gaussian wave packets of the form
FΩ0 (Ω) =
1
4
√
2piσ2
e−
(Ω−Ω0)
2
4σ2 , (11)
where σ is the Gaussian width. In this case the overlap
Θ is given by (9) where we extend the domain of integra-
tion to all the real axis. This is justified since the peak
frequency is typically much larger than the spreading of
the wave-packet ( σΩ0 ≪ 1), therefore, it is possible to in-
clude negative frequencies without affecting the value of
Θ. Using (11) and (6) one finds that
Θ =
√
2
1 + (1 + δ)2
1
1 + δ
e
− δ
2Ω2
B,0
4(1+(1+δ)2)σ2 , (12)
where
δ = 4
√
f(rA)
f(rB)
− 1 = −rS
4
L
rA(rA + L)
. (13)
where L = rB − rA the distance between Alice and Bob.
Notice that δ = 0 when Alice and Bob are in flat space-
time (f(rA) = f(rB) = 1) or when Alice and Bob are at
the same height (f(rA) = f(rB)). Under these situations
the modes perfectly overlap (Θ = 1) and, as expected,
there are no effects due to gravity.
We are interested in the regime where δ ≪ ( δΩB,0
σ
)2 ≪
1 (see [13]), which occurs for typical communication
where ΩB,0 = 700THz and σ = 1MHz. In this case,
Θ ∼ 1− δ
2Ω2B,0
8σ2
, (14)
In the following section we will introduce techniques of
quantum metrology and their application to quantum
field theory, where they can be employed to estimate with
high precision relativistic parameters.
III. RELATIVISTIC QUANTUM METROLOGY
In order to determine parameters that play a role
in relativity such as proper time, proper accelerations
and gravitational field strengths, it is necessary to work
within the framework of quantum field theory in curved
space-time [5]. This theory properly incorporates quan-
tum and relativistic effects at regimes where space ex-
periments take place. In this section we review general
techniques and methods for the application of metrology
to quantum field theory introduced in [6, 7].
In order to estimate the parameter with high precision
it is necessary to distinguish two states ΣΘ and ΣΘ+dΘ
that differ by an infinitesimal change dΘ of the parameter
Θ. The operational measure that quantifies the distin-
guishability of these two states is the Fisher information
[26]. Let us suppose that an experimenter performs N
independent measurements to obtain an unbiased estima-
tor Θˆ for the parameter Θ. The Fisher Information F (Θ)
gives a lower bound to the mean-square error via the clas-
sical Crame´r-Rao inequality [27] i.e., 〈(∆Θˆ)2〉 ≥ 1
NF (Θ) ,
where F (Θ) =
∫
dλ p(λ|Θ)(d ln[p(λ|Θ)]/dλ)2 and p(λ|Θ)
is the likelihood function with respect to a chosen pos-
itive operator valued measurement (POVM) {Oˆλ} with∑
λ Oˆλ = 1. Optimizing over all the possible quantum
measurements provides an even stronger lower bound [28]
i.e.,
N〈(∆Θˆ)2〉 ≥ 1
F (Θ)
≥ 1
H(Θ)
, (15)
where H(Θ) is the quantum Fisher information. The op-
timal measurements for which the quantum Crame´r-Rao
bound (15) becomes asymptotically tight can be com-
puted [26]. Unfortunately, these optimal measurements
are usually not easy to implement in the laboratory. Nev-
ertheless, in typical problems involving optimal imple-
mentations one can devise suboptimal strategies involv-
ing feasible measurements such as homodyne or hetero-
dyne detection [29]. In what follows we will present opti-
mal metrology strategies based on the quantum Crame´r-
Rao bound and thus on the quantum Fisher information.
In relativistic quantum metrology one is interested in
estimating parameters that are encoded in the evolution
of states of a quantum field. It is therefore convenient to
work in the covariance matrix formalism [30]. This for-
malism enables elegant and simplified calculations for the
application of quantum information and metrology tech-
niques in relativistic quantum field theory [6, 7]. The for-
malism is applicable to bosonic fields as long as the analy-
sis is restricted to Gaussian states. In this case, the states
are described completely by their first moments 〈Xi〉 and
their second moments, which are encoded in the covari-
ance matrix Σij = 〈XiXj + XjXi〉 − 2〈Xi〉〈Xj〉. Here
〈 . 〉 denotes the expectation value and the quadrature op-
erators Xi are the generalised position and momentum
operators of the field modes. We follow the conventions
used in [7, 31], where the operators for the n-th mode are
given by X2n−1 = 1√2 (an + a
†
n) and X2n =
−i√
2
(an − a†n).
5Every unitary transformation in Hilbert space that is
generated by a quadratic Hamiltonian can be represented
as a symplectic matrix S in phase space. These trans-
formations form the real symplectic group Sp(2n,R), the
group of real (2n×2n) matrices that leave the symplectic
form Ω invariant, i.e., SΩST = Ω, where Ω =
⊕n
k=1 Ωk
and Ωk = −iσy and σy is one of the Pauli matrices.
The time evolution of the field, as well as the Bogoli-
ubov transformations, can be encoded in this structure
and are represented by a symplectic matrix. For exam-
ple, the symplectic matrix corresponding to an arbitrary
Bogoliubov transformation can be written in terms of the
Bogoliubov coefficients α, β as
S =


M11 M12 M13 · · ·
M21 M22 M23 · · ·
M31 M32 M33 · · ·
...
...
...
. . .

 , (16)
where the Mmn are the 2× 2 matrices
Mmn =
( ℜ(αmn − βmn) ℑ(αmn + βmn)
−ℑ(αmn − βmn) ℜ(αmn + βmn)
)
. (17)
Here ℜ and ℑ denote the real and imaginary parts, re-
spectively. We consider a bosonic quantum field which
undergoes a Θ-dependent Bogoliubov transformation,
where Θ is the parameter we want to estimate. For ex-
ample, the transformation could be the expansion of the
universe and the parameter in this case is the expansion
rate [32]. The covariance matrix after the transformation
is given by ΣΘ = S(Θ)Σ0S
T (Θ).
In order to estimate Θ it is convenient to calculate
the quantum Fisher information via its relationship to
the fidelity F(ΣΘ,ΣΘ+dΘ) which, in the density matrix
formalism, is given by Eq. (7). The relation between
the Fisher information H(Θ) and the fidelity F takes the
form
H(Θ) = lim
dΘ→0
8
(
1−
√
F(ΣΘ,ΣΘ+dΘ)
)
dΘ2
. (18)
In this work we employ single Gaussian states and two-
mode Gaussian states with vanishing first moments. In
this case, the fidelity F(ΣΘ,ΣΘ+dΘ) in the covariance
matrix formalism is given by [33]
F(ΣΘ,ΣΘ+dΘ) = 1√
γ +
√
λ−
√
(
√
γ +
√
λ)2 −√η
,(19)
where we have defined
γ :=
1
16
det(iΩΣΘiΩΣΘ+dΘ + 1) (20)
λ :=
1
16
det(iΩΣΘ + 1) det(iΩΣΘ+dΘ + 1) ,
η :=
1
16
det(ΣΘ + ΣΘ+dΘ) (21)
and 1 is the identity matrix. The fidelity (19) for a single-
mode Gaussian state with non-zero initial first moments
is given by [33]
F(ΣΘ,ΣΘ+dΘ) = e
ξ
√
η + λ−
√
λ
, (22)
where ξ = −(〈X〉Θ+dΘ − 〈X〉Θ)T · (ΣΘ + ΣΘ+dΘ)−1 ·
(〈X〉Θ+dΘ − 〈X〉Θ). Notice that here λ, η are defined as
in (20) except that the pre factor is 1/4 instead of 1/16
and the covariance matrices are 2 × 2 instead of 4 × 4.
We now employ these techniques to the particular case
we are interested in analysing.
IV. ESTIMATING EARTH’S SPACE-TIME
PARAMETERS
In our work we are interested in estimating the
Schwarzschild radius and propagation distance L (be-
tween source and receiver) during which a wave-packet
undergoes a transformation given by Eq. (10). In the fol-
lowing we analyse the cases where Alice and Bob employ
one-mode and two-mode entangled Gaussian states.
A. Scheme employing a single-mode coherent
channel
In this scenario Alice and Bob exchange one mode sys-
tems (i.e., a single photon or a coherent state of a single
mode). As discussed in the previous section, the mode
b′ sent by Alice is received by Bob as a combination of
the mode b and the orthogonal mode c. We can there-
fore represent this process as a mixing (beam splitting )
of modes b and c. The symplectic transformation of this
pair of modes has a simple form since the Bogoliubov
beta coefficients vanish, the alpha coefficients are real
with αbb = αcc = Θ and αbc =
√
(1−Θ2). Therefore
the symplectic matrix S takes the form,
S =
(
Θ12
√
1− Θ212
−√1−Θ212 Θ12
)
(23)
We assume Alice prepares her mode in a coherent state
with parameter α ∈ C. The covariance matrix Σb,c0 that
represents the state is just the identity Σb,c0 = 14×4, while
the first moments 〈X〉 of the displaced state are
〈X〉 =


α
0
α¯
0

 . (24)
The first moments 〈X〉Θ of the state after beamplitting
are
〈X〉Θ =


Θα
−√1−Θ2)α
Θ α¯
−√1−Θ2)α¯

 . (25)
6We wish to compute the QFI and for this we need the fi-
delity between the single mode state after beam splitting
and the same state with a small variation of the beam
splitting parameter. We need to consider only the single
mode quadratures 〈Xs.m.〉Θ defined as
〈Xs.m.〉Θ =
(
Θα
Θ α¯
)
. (26)
Finally, it turns out that the fidelity Fc.s. depends only
on the first moments (22) and has the expression
Fc.s. = e− 12 (∆Xs.m.)
T ·∆Xs.m., (27)
where we have defined ∆Xs.m. := 〈Xs.m.〉Θ+dΘ−〈Xs.m.〉Θ.
We find Fc.s. = exp[−|α|2 dΘ2]. In our case we have that
Θ = 1− x, where
x :=
δ2Ω2
8σ2
≪ 1, (28)
where from now on we will omit the suffix in the expres-
sion of the frequency ΩB,0. Therefore we find that the
fidelity Fc.s. behaves to lowest order as
Fc.s. = e−|α|
2 dx2. (29)
We can easily compute the relative error bound and we
find
∆x
x
≥ 1
2
√
N
1
x |α| . (30)
B. Scheme employing a single-mode squeezed
channel
Here we consider that Alice prepares her mode b ini-
tially in the most general single-mode state Σb,c0 . We also
assume that the initial first moments vanish and there-
fore the numerator in (22) trivially reduces to unity. We
assume that mode c is initially a thermal state for which
the covariance matrix is the 2×2 matrix µb12. Therefore,
the total initial state is
Σb,c0 =


B− B 0 0
B B+ 0 0
0 0 µb 0
0 0 0 µb

 , (31)
where the coefficients of the matrix read
B± = µa (cosh(2 r)± cos(2ψ) sinh(2 r)), B =
−µa sin(2ψ) sinh(2 r). Furthermore, the parameters
µa,b := coth
(
~ωa,b
kB T
) ≥ 1 allow for initial extra mixedness,
ψ is an angle and r is the squeezing. Notice that
µa = µb = 1 for the total state to be pure.
We now apply the Bogoliubov transformation of equa-
tion (23) to the state Σb,c0 and trace over the unwanted
mode. We are left with the reduced state Σb of the form
Σb =
(
C− C
C C+
)
, (32)
where the coefficients of the matrix are C± := (1 −
Θ2)µb + Θ
2µa(cosh(2 s) ± cos(2ψ) sinh(2 s)) and C :=
− sin(2ψ)Θ2µa sinh(2 s).
We can compute the final fidelity as a function of all
the parameters. We find
F = 1− µ
2
a + µ
4
a + µ
2
b + µb µa
(
µa µb cosh(4 s)− 2 (µ2a + 1) cosh(2 s)
)
µ4a − 1
dx2, (33)
where we have defined Θ = 1 − x, we have expanded
around the small parameter x, which was defined in
(28), and retained the lowest order contributions. No-
tice that one cannot employ formula (33) to start from
an initial squeezed vacuum state of modes b, c for which
µa = µb = 1. This happens because of the behaviour of
the perturbative expansions of the quantities defined in
(20). In order to consider the case of initially pure states
we can proceed as in appendix A and we find
∆x
x
≥ 1
2
√
N
1√
x sinh r
. (34)
We can also estimate which is the bound on the distance
L between Alice and Bob or the Schwarzschild radius rS .
To do this we employ equation (13) and the chain rule
as discussed at the end of appendix A. The bound on
the relative error in the estimation of the Schwarzschild
radius is given by
∆rS
rS
≥ 2
√
2σ rA (rA + L)√
N Ω rS L sinh r
, (35)
while the bound on the relative error on the distance
7between Alice and Bob is given by
∆L
L
=
2
√
2 σ (rA + L)
2
√
N Ω rS L sinh r
(36)
Notice that ∆L
L
/∆rS
rS
= 1+ L
rA
which is very close to unity
in our scenario.
C. Scheme employing two-mode entangled channels
We now allow Alice and Bob to employ two mode sys-
tems, which might be entangled. The scenario can now
be modeled by four modes, where Alice prepares a two
mode squeezed state between two wave packets of modes
b1 and b2 centred around frequencies Ω1 and Ω2. As in
the single mode case, we consider that the orthogonal
modes to b1 and b2, denoted c1 and c2 respectively, are
initially in the vacuum state. The covariance matrix for
the initial state is given by
Σb1b2c1c20 =
(
σ˜(r) 0
0 14
)
(37)
where 14 is the 4 × 4 identity matrix and σ˜(r) is the
covariance matrix of a two mode squeezed state
σ˜(r) =
(
cosh (2r)12 sinh (2r)σx
sinh(2r)σx cosh (2r)12
)
(38)
Analogously to the single mode case, we model the effects
of propagation from Alice to Bob on the modes b1, b2 by
the transformations
b¯1 = Θ1 b1 +
√
1−Θ21 c1, (39)
b¯2 = Θ2 b2 +
√
1−Θ22c2.
Once more, these transformations are Bogoloiubov trans-
formations and can be encoded in the symplectic matrix
S given by
S =


Θ112 0
√
1−Θ2112 0
0 Θ212 0
√
1−Θ2212√
1−Θ2112 0 −Θ112 0
0
√
1−Θ2212 0 −Θ212


The final state represented by Σb1b2c1c2 after propagation
is Σb1b2c1c2 = S Σb1b2c1c20 S
T . We then proceed to trace
over the ancilla modes c1, c2 and we obtain the covariance
matrix Σb1b2 of the modes b1 and b2 after propagation,
Σb1b2 =
(
(1 + 2 sinh2 rΘ21)12 sinh (2r) Θ1, Θ2 σz
sinh (2r) Θ1Θ2 σz (1 + 2 sinh
2 rΘ22)12
)
(40)
Since Θ1 ∼ 1− δ
2Ω21
8σ2 and Θ2 ∼ 1−
δ2Ω22
8σ2 we can write the
final reduced covariance matrix Σb1b2c1c2 to second order
in δ as,
σ˜(r) =
(
Σ11 12 Σ12 σx
Σ12 σx Σ11 12
)
(41)
where Σ11 = 1 + 2 sinh
2 r (1 − δ2Ω214σ2 ) and Σ12 =
sinh(2r) (1 − δ28σ2 (Ω21 + Ω22)). Using equation (19), em-
ploying the Taylor series Σδ+dδ = Σδ + Σ˙δdδ +
1
2 Σ¨δ(dδ)
2
and the chain rule for derivatives we find that
∆rS
rS
≥ 8 σ rA (rA + L)√
N(Ω21 +Ω
2
2) rS L sinh r
(42)
and
∆L
L
≥ 8 σ r
2
A√
N(Ω21 +Ω
2
2) rS L sinh r
. (43)
Notice that, now, ∆rS
rS
/∆L
L
= rA+L
rA
which is also very
close to unity in this scenario.
V. COMPARISON BETWEEN SCHEMES,
ESTIMATION OF THE ERRORS AND
ESTIMATION OF MULTIPLE PARAMETERS
A. Comparison between schemes
In order to choose the best estimation scheme we need
to be able to compare the different schemes proposed in
this work and analyse their performance with respect to
some given fixed resource [26]. The resource available is
the number of photons n¯ (or equivalently the total en-
ergy) of the input state, which can be easily computed
for the scheme that employs a coherent state and the
scheme that employs squeezed states. We have respec-
tively n¯ = |α|2 and n¯ = sinh2 r. This allows us to express
the final bounds (30) and (34) respectively as
∆x
x
∣∣∣∣
c.s
≥ 1
2
√
N
1
x
1√
n¯
∆x
x
∣∣∣∣
s.s
≥ 1
2
√
N
1√
x
1√
n¯
. (44)
Notice that the bounds (44) both scale as the inverse
of the total number of photons. This is in agreement
with the general results found, for example, in [26]. The
bounds in (44) can be used to estimate, for example, the
Schwarzschild radius rS . A closer inspection shows that
the relative error bound for coherent states scales as 1/r2S
while the relative error bound for squeezed states scales
as 1/rS . This implies that, for small Schwarzschild radius
rS , squeezed states perform better than classical states,
in agreement with [26].
B. Estimation of errors
Here we compute the relative error on the measure-
ment of the parameters of interest. We consider that the
wave-packets will be peaked at frequencies Ω1 = Ω2 =
400THz with widths of σ = 1MHz. These parameters
correspond to the current state of the art in space-based
8experiments [34]. Gbit exchange regimes of N = 1010
are achieved with the aim of implementing future QKD
protocols [35, 36]. This means that we can realistically
consider repeating the experiment N = 1010 times per
second. We assume that the experiment takes place
in one second in order to assure that Alice is radially
aligned with Bob’s satellite. The distance we consider
between Alice and Bob is L = 3.6 × 106m, therefore,
rB = 42.37 × 106m. This radius corresponds to typical
orbits for geostationary satellites. It is conceivable that,
given the rate of development of current quantum tech-
nologies, exchange of single photons at such distances will
be achievable. Currently squeezing of r = 1.5 has been
achieved in cutting edge experiments [37], therefore
σr2A
Ω sinh r
√
NrS L
∼ 5.8× 10−7. (45)
where we considered that the Schwarzschild radius is
rS ∼ 10−2m. Employing single-mode channels result in
relative errors of ∆rS
rS
∼ ∆L
L
≥ 2.4×10−5, while two-mode
entangled states result in ∆rS
rS
∼ ∆L
L
≥ 4.8×10−5. These
estimates include errors in all parameters involved. This
means that in computing the error in, for example rS , we
also included errors in L and rE . However, the errors in
L and rE turn out to be negligible. The relative error in
the measurement of Schwarzschild radius in the current
state of the art is 2× 10−9 [38]. It is conceivable that in
five years squeezing of r = 6 might be achieved. In this
case, by being able to make N = 1016 measurements per
second or by being able to integrate such amount of mea-
surements over a longer period of time, it will be possible
to improve the current state of the art by one order of
magnitude using our quantum technique.
The error estimation presented here assumes that
our scheme does not suffer from any source of loss or
noise. However, in practical implementations of quan-
tum metrology schemes, losses and noise can’t be ignored
[26, 39–42]. Quantum communication between ground
users and space links has become recently an active area
of research driven by proposals fro global communica-
tion networks [8, 9, 43, 44]. The dominant mechanism
of loss over long distances is diffraction, e.g. transmitter
and receivers aperture as well as the distance and the
strength of the atmospheric turbulences between them
[45, 46]. Furthermore, the exchange of single photons be-
tween ground and satellites is haunted by many sources
of noise, such as all sorts of background lights and tight
pointing requirements of the optical antennas used. Ex-
citing recent studies have pioneered the ability to send
and receive photons from ground stations to space when
such sources of noise are present [47–50]. We leave more
detailed studies of such schemes in the presence of noise
and loss to future investigations.
C. Quantum estimation of multiple parameters
In VB we have assumed that the quantity that is es-
timated is the only source of uncertainty. Of course, in
realistic schemes, two or more parameters might give rise
to comparable errors and therefore it is natural to look
for an extension of our work to multiple parameter esti-
mation schemes.
It is known that the simultaneous quantum-limited es-
timation of multiple phases is more advantageous than
estimating them individually [51]. The price for this
advantage is the preparation of specialised multi-mode
correlated probe states. However, it turns out that the
single- and two-mode squeezed states are not appropriate
for this task. To demonstrate this, we calculate the quan-
tum Fisher matrix for the estimation of the two param-
eters (Schwarzschild radius rS and separation between
the two observers L = rB − rA ). The multi-parameter
quantum Crame´r-Rao bound [52]
Cov(rS , L) ≥ Q−1 (46)
sets the limit of the attainable precision, provided by
extending the covariance matrix formalism [53] to
Qi j = 2(∂iΣ¯)
T (Σ⊗ Σ− Ω⊗ Ω)(∂jΣ¯), (47)
where ∂iΣ¯ is the derivative of Σ¯, the vectorised form of
Σ with respect to parameter i. Given the form of the
covariance matrix Σb in Eqn. (32)
QLL =
r2A r
2
S
L2 (L+ rA)2
QrS rS ,
QrS L = QL rS =
rA rS
L(L+ rA)
QrS rS . (48)
It is immediately clear that right hand side of Eqn. (46)
is singular, since Det[Q] = 0. This leads to a trivial quan-
tum Crame´r-Rao bound, implying that the single-mode
squeezed state is not suitable for estimating the two pa-
rameters simultaneously.
The same result is obtained for the two-mode squeezed
state, implying that the two parameters cannot be esti-
mated simultaneously using such a state. However, a
different geometry should succeed where the squeezed
states have failed. The role of a gravitational field on
an optical field is to shift its frequency, the gravitational
red-shift. In the present geometry, the ratio of the shifts
at the location of the two observers is combined in to a
single parameter (see (4)). This quantity takes the role
of a mode overlap, which can itself be estimated using
single- and two-mode squeezed states with higher preci-
sion. Rather than taking the ratio, it should be possible
to estimate the frequency shifts individually simultane-
ously with a different geometry, with the allied advantage
for multi-parameter quantum estimation. We leave this
for future work.
9VI. CONCLUSIONS
In this work we have applied recently developed tools
in relativistic quantum metrology [6] and techniques de-
veloped to study the effects of gravity on entanglement
distribution protocols [13] to measure space-time param-
eters using traveling wave-packets in space. We have esti-
mated the ultimate error bounds on the precision of mea-
surements of parameters of interest in relativistic setups,
such as distances between users of quantum communica-
tion protocols or the Schwarzschild radius of the Earth. A
better estimation of this parameters can produce higher
precisions in GPS and other quantum metrology appli-
cations. We find that with current levels of squeezing
and channel capacities our scheme does not outperform
current proposals for ultra precise measurements. How-
ever, we discuss which improvements in quantum tech-
nologies are necessary to improve the state of the art in
the measurement of Schwarzschild radius of the Earth.
Our work aims at providing the first steps in the esti-
mation of space-time parameters using quantum metrol-
ogy techniques. Furthermore, our results suggest that
with the expected advances in technology foreseen in the
next few years, the scheme proposed in this work will
quickly provide dramatical improvements to current se-
tups. It is well known in quantum metrology that the
use of highly entangled states, such as N00N-states, can
reach the Heisenberg limit [1, 2, 54]. The use of such
states in our scheme could in principle lead to precisions
several order of magnitude beyond the current state of
the art.
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Appendix A: Derivation of single mode fidelity
We assume that mode c is initially the vacuum state for
which the covariance matrix is the 2× 2 identity matrix
12. Therefore, the total initial state is
Σb,c0 =
(
σ0 0
0 12
)
, (A1)
where σ0 = diag(e
r, e−r). After propagation, the reduced
covariance matrix for mode b is given by ΣbΘ = Θ
2σ0 +√
1−Θ212 (here mode c has been traced out).
We compute the Taylor series of the matrix ΣbΘ+dΘ as
ΣbΘ+dΘ = Σ
b
Θ+ Σ˙
b
ΘdΘ+
1
2 Σ¨
b
Θ(dΘ)
2. By substituting this
expansion in Eq. (22) we obtain the fidelity to second
order
F = 1 + (
˙det Σb)2 − 2(detΣb − 1) det(Σ˙b)
2((detΣb)2 − 1) (dΘ)
2,
where the dot denotes the derivatives with respect to the
parameter Θ. Since Σ˙b = 2ΘΘ˙(σ0 − 1), we find
detΣb = 1 + 4 sinh2 rΘ2(1−Θ2)
(det Σb − 1) ˙detΣb = 82 sinh4 rΘ2Θ˙2(1 + 2Θ4 − 2Θ2)
det Σ˙b = −16Θ2Θ˙2 sinh2 r
which finally allows us to find the Fisher information
H(Θ) as
H(Θ) =
8Θ˙2(1− 2Θ2 + 2Θ4)
(1−Θ2)(Θ2(1−Θ2) + (2 sinh2 r)−1)
We are now able to compute the bound on the variance
∆Θ. We find
∆Θ ≥ 1√
NH
=
√
(1−Θ2)(Θ2(1−Θ2) + (2 sinh2 r)−1)
Θ˙
√
2N
√
(1 − 2Θ2 + 2Θ4)
Notice that the derivative term Θ˙ takes into account es-
timation of parameters contained in Θ, for example as in
(28).
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